Abstract. Based on the standard inflation-deflation method to generate substitution tilings, we discuss two types of generalizations in the plane. Firstly, we study substitution rules which do not preserve volume and/or shape of the building blocks. Secondly, we consider prototiles with two or more different possibilities for replacement which can be chosen randomly according to certain probabilities. For illustration, we give various examples of generalized tile substitutions derived from Penrose tiles.
Introduction
Penrose tilings and other substitution tilings which are used to model perfect quasicrystals are based on at least two different types of tiles. In this work, we ask whether substitution rules with allowed overlaps of sub-pieces can help to reduce the number of necessary building blocks (section 2). Our second question is how to describe the generation of corresponding random tilings in terms of substitutions (sections 3 and 4). We restrict ourselves to planar tilings T with (up to isometries) finitely many prototiles P 1 ; . . . ; P k & R 2 which are required to be homeomorphic to the unit disk (T is a collection of tiles T i which are congruent copies of P 1 ; . . . ; P k and cover the plane such that int ðT i \ T j Þ ¼ ; for i 6 ¼ j). T is called a substitution tiling if the tiles of T can be grouped into larger and larger patches determining inflated tilings of level l ¼ 1; 2; . . . by l-times expanded copies of the P i . For an extensive list of substitution tilings we refer to [5] .
[ f i nðiÞ ðP i nðiÞ Þ satisfying mðsðP i ÞÞ ¼ mðf i 1 ðP i 1 ÞÞ þ . . . þ mðf i nðiÞ ðP i nðiÞ ÞÞ be given where m is the two-dimensional Lebesque-measure, P i j 2 fP 1 ; . . . ; P k g, f i j : R 2 ! R 2 are contractions with common contraction factor 0 < r < 1, r 2 R for all j ¼ 1; . . . ; nðiÞ, nðiÞ 2 N. We require the substitutions to be primitive (compare [6] ) such that all types of building blocks are integrated in the substitution process. For the generation of a substitution tiling, we use the so-called outward construction introduced in [3] . Let us briefly recall the main steps of this method for the simplest possible case of a single building block P and n 2 N contractions, such that sðPÞ ¼ f 1 ðPÞ [ f 2 ðPÞ [ . . . [ f n ðPÞ.
1. Choose a left-infinite sequence f. . . ; i 3 ; i 2 ; i 1 g with i j 2 f1; . . . ; ng. Define enlarged copies of
is the f i l -part of P ðlÞ for all l ¼ 1; 2; . . . .
2.
For the dissection into tiles of the original size, apply g À1 Á ðÁ Á Á f j 3 Á f j 2 Á f j 1 Þ ðPÞ for all possible combinations Á Á Á f j 3 ; f j 2 ; f j 1 of f 1 up to f n . As already mentioned in [3] , a reverse ordering of the functions of g À1 does not work. In the example shown in Fig. 1 ,
2 ðP ð0Þ Þ is a square with vertex set fðÀ2; À1Þ; ð2; À1Þ; ð2; 3Þ; ðÀ2; 3Þg.
Substitution rules and overlaps
Substitution rules satisfying P i ¼ sðP i Þ for all i ¼ 1; . . . ; k we call shape-preserving, otherwise non-shape-preserving. In contrast to the conventional case, we allow sub-pieces to overlap in sets of nonempty interior (int ðf u ðP u Þ \ f v ðP v ÞÞ 6 ¼ ; for u; v 2 fi 1 ; . . . ; i nðiÞ g, such that mðP i Þ < mðsðP i ÞÞ ¼ mðf i 1 ðP i 1 ÞÞ þ . . . þ mðf i nðiÞ ðP i nðiÞ ÞÞ, i 2 f1; . . . ; kg.
In general, the fine structure of overlaps of tiles in associated substitution tilings T will not be compatible. This may happen even for a single prototile and shape-preserving substitution rules with relatively small overlaps as shown in Fig. 2 .
However, there are nice examples of non-shape-non-volume-preserving substitutions which can help to reduce the # by Oldenbourg Wissenschaftsverlag, München * e-mail: petra@uni-greifswald.de
number of prototiles needed to generate perfect decagonal Penrose tilings.
Example 2.1 We take the golden triangle as a single prototile P and define non-shape-non-volume-preserving substitution rules sðPÞ ¼ f 1 ðPÞ [ f 2 ðPÞ [ f 3 ðPÞ as shown
, f 2 with reflection,
. Overlapping pieces are indicated in grey.
Proposition Given P and sðPÞ according to Fig. 3a) , the fine structure of overlaps in substitution tilings generated via outward construction is fixed (up to scaling and isometries) for all levels l ¼ 0; 1; 2; . . . . Moreover, the overlap structure is compatible with perfect decagonal Penrose tilings.
Instead of a formal proof of the proposition, we give an example of a large region of a typical corresponding substitution tiling in Fig. 3b ).
Example 2.2 Let a regular decagon P with cartwheel decoration and substitution sðPÞ be given as shown in
Then, as already mentioned in [7] , the family of all leftinfinite sequences f. . . ; i 3 ; i 2 ; i 1 g with i j 2 f1; . . . ; 5g define the Local-Isomorphism class of perfect Penrose tilings with Robinson triangle tiles.
Random substitution rules
Analogously to Bernoulli trial, the main idea of random substitutions is to include local rearrangements of tiles into the inflation rules, compare [1, 2, 4] . The question we are interested in is how to modify the outward construction if k ! 1 prototiles P 1 ; . . . ; P k are given such that every prototile P i & R 2 can be replaced according to at least two different rules s i;1 ðP i Þ; . . . ; s i;mðiÞ ðP i Þ with corresponding probabilities p i;1 ; . . . ; p i;mðiÞ , mðiÞ ! 2, i ¼ 1; . . . ; k. As in the deterministic case, we construct a tiling by dissecting the super-tiles of a stacked sequence of larger and larger scaled copies of the P i . What is new?
For the mappings 
ðPÞ, assign a random sequence of ðl À 1Þ substitutions to all tiles of level ðl À 1Þ and apply the corresponding combinations of contractions in order to get an allowed collection of tiles of original size. By construction, for given prototiles P i with substitutions s i;1 ðP i Þ; . . . ; s i;mðiÞ ðP i Þ and corresponding probabilities p i;1 ; . . . ; p i;mðiÞ , mðiÞ ! 2, i ¼ 1; . . . ; k, we get a random tiling ensemble. Following [8, 9] , P 1 up to P k induce a random tiling ensemble (RTE for short) if for all Rpatches of volume mðRÞ > 0, the number N R of possible patterns of R grows exponentially with mðRÞ. The tile frequencies characterizing the RTE depend on the substitutions and their probabilities. . . . ; f 2;4 with rotations). Note that P is a self-similar set and both substitutions are volume-preserving. Our illustrated example of outward construction is based on the expanding map Figs. 2 and 3a) , the overlap structures of corresponding substitution tilings will be very complex.
Example 3.3 If we consider both types of Robinson triangles P 1 ; P 2 and combine the substitutions of perfect Penrose tilings and Tübingen triangle tilings as shown in Fig. 6 , we have no problems with overlapping pieces but in corresponding tilings, tiles do not always match face-toface. For examples of face-to-face matching triangular tiles with rather complicated substitution rules, see [4] and references therein.
Flips in terms of substitutions
Since random tilings which are related to perfect 8-,10-or 12-fold tilings can also be derived by applying simpleton flips, it is interesting to consider the relation between substitutions and flips. We propose to first apply the deterministic version of the outward construction but only subdivide up to super-tiles of level l ¼ 1 instead of tiles of original size. Then, for every level-1-tile, one can choose (with certain probabilities) either the perfect substitution or other substitutions characterizing simpleton flips. For example, the simpleton flips used for Penrose rhombus tilings can be described in terms of substitutions as shown in Fig. 7 . 
Conclusion
We have shown that for both introduced types of generalizations of the outward construction in R 2 , overlaps and random substitutions, on the one hand, there are many problems in the general case but, on the other hand, there are also interesting appropriate examples.
